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1. Introduction 

It is well known that in compact local Lipschitz neighborhood retracts in R" flat 
convergence for Euclidean integer rectifiable currents amounts just to weak conver- 
gence. The purpose of the present paper is to extend this result to integral currents 
in complete metric spaces admitting a local cone type inequality. This includes for 
example all Banach spaces and complete CAT(K)-spaces, k e R. The main result 
can be used e.g. to prove the existence of minimal elements in a fixed Lipschitz 
homology class in compact metric spaces admitting local cone type inequalities or 
to conclude that integral currents which are weak limits of sequences of absolutely 
area minimizing integral currents are again absolutely area minimizing. 

1.1. Statement of the main results. The theory of normal and integral currents 
in Euclidean space was developed by Federer and Fleming in FF . Recently, using 
ideas of De Giorgi |DGj . Ambrosio and Kirchheim jAK| extended this theory to 
the setting of arbitrary complete metric spaces. In the new theory the space of 
differential A:-forms, used in the classical theory to define fc-dimensional currents, is 
replaced by the space 

V''{X) {(/,7ri, ...,TTk): f,TT,: X Lipschitz, / bounded}. 

By definition, a fc-dimensional metric current is a multi- linear functional on 'D'^{X) 
satisfying a continuity, a locality and a finite mass condition. See Section |21 for all 
definitions from the theory of metric currents relevant for our purposes. The space 
lk{X) of /c-dimensional metric integral currents in X roughly consists of those k- 
dimcnsional metric currents in X that correspond to /c-dimensional rectifiable sets 
with orientation and multiplicities. 

There are two important notions of convergence for (metric) integral currents. A 
sequence (T^) C Ife(A) is said to weakly converge to some T e Ik{X) if 

T'm(/, TTl, . . . ,7rfc) — > T(/, TTl, . . . ,7rfe) 

for all (/, TTl, . . . ,7rfe) S 'D''{X), i.e. if T„j converges pointwise to T. A more geo- 
metric notion of convergence is that with respect to the flat distance given for 

Ti,T2 €E MX) by d^iTi^T^) := T{Ti - T2) where 

T{T) ■.= mi{M.{U) + M.{V) -.T = U + d^,U €lk{X),V €lk+i{X)}. 

An important and useful result in the classical theory states that in compact Lip- 
schitz neighborhood retracts in R" weak convergence is equivalent to convergence 
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with respect to the flat distance. (Wc will sometimes call the latter flat conver- 
gence.) The proof of this result relies on the deformation theorem which gives a 
way of deforming a current into the fc-dimensional skeleton of the standard cubic 
subdivision of R" with bounded increase of mass. In general, there is no analogue 
of the deformation theorem in metric spaces. The purpose of this paper is to ex- 
tend the equivalence of weak and flat convergence to quasiconvex metric spaces 
admitting local cone type inequalities. This includes, in particular, infinite dimen- 
sional Banach spaces (for which there cannot exist the deformation theorem from 
Euclidean space). Other examples of metric spaces satisfying the two conditions 
will be given later (see eg. Section 0). 

In connection with the flat distance the notion of integral filling volume will be 
important. For a T G Ife(X) it is defined by 

Fillvol(r) M{M{V) : V G Ifc+i(X) and dV = T} 

where we use the convention that the infimum of the empty set be infinite. Clearly, 
we have 

J^{T) < min{Fillvol(T),M(T)} 

for all T G Ik{X), k > 0. In general the inequality is strict, as easy examples show. 
For notational purposes and for convenience in the proof we deal with 0-dimensional 
and higher dimensional currents separately. 

Definition 1.1. A metric space {X,d) is said to be S-quasiconvex if there exists a 
constant C < oo such that every two points x,y € X with d{x,y) < 6 can be joined 
by a Lipschitz curve "fxy '■ [0, 1] X of length at most Cd{x,y). 

A quasiconvex metric space is a space which is J-quasiconvex for some S > 0. 

Theorem 1.2. Let {X,d) be a complete quasiconvex metric space and T G Iq{X). 
Then a bounded sequence {T„i) C Io(-'^) converges weakly to T if and only if 

Fillvo^T — T„j) ^0 as m ~f oo. 

Here, a sequence (T^,) C lk{X) is said to be bounded if the sequence {'M.{Tm)) 
and, in case A; > 1, also the sequence (M.{3r„i)) is bounded. 

As for the higher dimensional analogue of Theorem 11.21 we need the definition of 
cone type inequality. 

Definition 1.3. Let {X,d) be a complete metric space, fc G N, 5 > 0, and C > 0. 
Then X is said to admit a S-cone type inequality for Ik{X) with constant C if for 
every T G \k{X) with dT — and diam(sptT) < 5 there exists an S € lk+i{X) 
satisfying dS — T and 

M{S) < Cdiam(sptr)M(T). 

We say that a space X admits a local cone type inequality for Ik {X) if it admits a 6- 
cone type inequality for 1^ (X) for some S > 0. If (5 = oo then we say that X admits a 
global cone type inequality for Ik{X). Spaces admitting local cone type inequalities 
will be dealt with in Section |3| As mentioned above all Banach spaces and all 
CAT(K)-spaces, k G R, admit local cone type inequalities. Furthermore, compact 
Lipschitz neighborhood retracts in R" also admit local cone type inequalities. 

Theorem 1.4. Let {X^d) be a complete quasiconvex metric space and k > 1. 
Suppose that X admits local cone type inequalities for Ij{X) for j — 1, . . . ,k. If 
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{Tm)mett4 C IkiX) is a bounded sequence and T G lk{X) then Tm weakly converges 
to T if and only if 

lim T{T - T„) - 0. 

m — ^CJO 

Moreover, if dr„i = for a/l m G N then T„i weakly converges to T if and only if 
Fillvol(T - T„) 0. 

We point out that we do not make any further assumptions on the T^. In particular, 
can have unbounded support. We also mention that without any compactness 
assumption, the analogous statement for Euclidean currents in R" weakly converg- 
ing to in the usual sense with compactly supported differential forms is false, as 
easy examples show. 

As mentioned above. Theorems 1 1 . 21 and II . 41 are of use in connection with area min- 
imizing integral currents. We give one prominent application here. For a complete 
metric space {X, d) and A G X closed we denote by (X, A) the fc-th homology 
class of compactly supported integral currents with boundary in A (see Section El 
for the precise definition). 

Theorem 1.5. Let k > 1 be an integer and {X,d) a quasiconvex compact metric 
space and A <Z X closed and quasiconvex (when endowed with the induced metric). 
Suppose furthermore that both X and A admit local cone type inequalities for Ij (X) 
and lj{A), for j — 1, . . . , fc. Then, for every homology class c € H/j(X, A) there 
exists a T Cz Zk {X, A) with [T] = c and such that 

M(r) = inf{M(r') : T' G Zk{X,A), [T'] = c}. 

The proof, as well as further applications, will be given in Section 

1.2. Outline of the proof of Theorem 11.41 The proof is by induction on k 
and the interesting case is that of fc > 2. We only sketch the proof of the second 
statement since the first statement readily follows from the second one. Our strategy 
will be to find for e > and for each bounded sequence (Tm) C lk{X) converging 
weakly to decompositions 

Tm — C^m + • • ■ + ^,?f + Tim 

into the sum of integral cycles such that 

(i) Fiiivoi([/;,) < C£M(t/;,) 

(ii) Yllti M(C^;j M(i?„0 < 2M(T„0 

(iii) Fillvol(i?™) ^ 0. 

It is clear that such a decomposition yields the desired statement about Fillvol(T,„). 
In order to construct such a decomposition one chooses balls Bm of radius e/2 
in such a way that each Bm contains almost maximal |jTm|l -measure among all 
balls in X of radius e/2. If ||rm||(i?,„) tends to with m ~* oo then it will be 
shown (see Proposition l5.8l) that Fillvol(T„j) 0. Hence the trivial decomposition 
Tm = Tim satisfies the above properties. On the other hand, if ||Tm||(i?m) stays 
bounded away from there are two cases to be distinguished: Either, after passing 
to a subsequence, all balls lie in a common ball B{y, 2e) or, otherwise, we may 
assume all balls to be disjoint. As for the first case, there exists an r € (3e,4e) 
such that the boundary d{T \_ B{y,r)) of the current obtained by restricting Tm 
to the ball B{y,r) is an integral current and d{T \_ B{y,r)) is a bounded sequence 
converging weakly to 0. By induction assumption there exists Sm G Ik+i^X) such 
that dSm = d(T\_B{y,r)) and M.{Sm) 0. Using an isoperimetric inequality for 
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cycles in lk-i{X) of small mass (to be proved in Theorem 15. 6|l we show that Sm 
can be chosen to be supported in B{y,5e). If £ < 6/5 the (5-cone type inequality 
yields 

Fillvol(C/i) < C5eM{U'J 

where U^^ Tm\- B{y,r) — S„i. Passing to subsequences and proceeding as above 
we can split off U^,U^, . . . until ending up with a 'rest' with Fillvol(i?,„) — > 0. 

The paper is structured as follows. Section |2] contains the basic definitions and 
results from the theory of metric integral currents needed for the sequel. We point 
out here that our result needs no closure or compactness theorem. In Sectional we 
study local cone type inequalities and prove, in particular, that spaces for which 
small sets are Lipschitz contractible in a uniform way admit local cone type in- 
equalities in all dimensions. This will in particular imply that Banach spaces and 
CAT(K)-spaces for all k e R admit local cone type inequalities. The purpose of Sec- 
tion^lis to establish Theorem 1 1.21 The higher dimensional analogue, Theorem 1 1.41 
is proved in Section [S] As mentioned above, the proof is based on Theorem 15.61 
also established in this section. In the last section we describe some consequences 
of Theorem [Ol 

2. Currents in metric spaces 

The general reference for this section is |AKj where the theory of currents in metric 
spaces was developed. Here, we recall those definitions and results from jAK| which 
will be needed in the sequel. 

Let {X, d) be a complete metric space and let 'D^{X) denote the set of (fc + l)-tuples 
(/, TTi, . . . , TTj;) of Lipschitz functions on X with / bounded. The Lipschitz constant 
of a Lipschitz function / on X will be denoted by Lip(/). 

Definition 2.1. A k- dimensional metric current T on X is a multi-linear func- 
tional on 'D^{X) satisfying the following properties: 

(i) If 1^1 converges point-wise to tt^ as j ^ oo and i/supj^ Lip(7r^) < oo then 

T{f,n{, ...,nl) — > T{f,TTi, . . .,TTk). 

(ii) If {x & X : f{x) ^ 0} is contained in the union IJ*L]^ Bi of Borel sets Bi 
and if iTi is constant on Bi then 

r(/,7ri, . . . ,7rfe) = 0. 

(iii) There exists a finite Borel measure ^ on X such that 

(1) |T(/,^i,...,^fc)| <[]Lip(7r,) f \fW 

i=l •'^ 

for all (/,^i,...,7rfc)eP'=(X). 

The space of fc-dimensional metric currents on X is denoted by Mfc(X) and the 
minimal Borel measure fj, satisfying is called mass of T and written as HTlj. We 
also call mass of T the number ||T|| {X) which we denote by M(T). The support of 
T is, by definition, the closed set spt T of points x £ X such that ||T|| {B{x, r)) > 
for all r > 0. Here, B{x, r) denotes the closed ball B{x, r) :— {y ^ X : d{y, x) < r}. 
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Remark 2.2. As is done in |AKj we will also assume here that the cardinality of 
any set is an Ulam number. This is consistent with the standard ZFC set theory. 
We then have that sptT is separable and furthermore that \\T\\ is concentrated on 
a a-compact set, i.e. \\T\\{X\C) — for a a-compact set C d X (see (AK, ). 

The restriction of T e M.k(X) to a Borel set A C X is given by 

{T\-A){f,Tri, ...,Trk) := T{fxA,Tri, ■ ■ .,Trk)- 

This expression is well-defined since T can be extended to a functional on tuples 
for which the first argument lies in L°°{X, \\T\\). 
The boundary of T € Mfe(X) is the functional 

ar(/, TTi, . . . ,7rfe_i) := /, tti, . . . ,7rfc„i). 

It is clear that cfT satisfies conditions (i) and (ii) in the above definition. If dT also 
has finite mass (condition (iii)) then T is called a normal current. The respective 
space is denoted by Nfc(X). 

The push- forward of T g Mfe(X) under a Lipschitz map (p from X to another 
complete metric space Y is given by 

(p#T{g, Ti, . . . , Tk) := T{goip,Tio(p,...,TkO ip) 

for (g, Ti, . . . , Tfe) g ^^{Y). This defines a fc-dimcnsional current on y, as is easily 
verified. 

In this paper we will mainly be concerned with integer rectifiable and integral 
currents. For notational purposes we first repeat some well-known definitions. The 
HausdorfF fc-dimensional measure of A C X is defined to be 

n^A) := liminf |^ diam(i?,) y .,b^[}B,, diam(B,) < , 



pk 



where cok denotes the Lebesgue measure of the unit ball in IR . The fc-dimensional 
lower density 0*fc(/x,a::) of a finite Borel measure at a point x is given by the 
formula 

fc),fc(u,a:) := hmmt ; . 

An Ti'^-measurable set A C X is said to be countably Ti'^'-rectifiable if there exist 
countably many Lipschitz maps fi : Bi — > X from subsets Bi C R'^ such that 

n\A\[}f,{B,))^0. 

Definition 2.3. A current T E Mfe(X) with k > 1 is said to be rectifiable if 

(i) ||r|| is concentrated on a countably Ti,'' -rectifiable set and 

(ii) ||r|| vanishes on Ti.'' -negligible sets. 

T is called integer rectifiable if, in addition, the following property holds: 

(iii) For any Lipschitz map ip : X — > R*^ and any open set U C X there exists 
e e Li(R'',Z) such that 

</.#(r L [/)(/, ^1, ^fc) = Of det (^1^^ d/:^- 

for all (/,^i,...,7rfc)eI?'=(R'=). 
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A 0-dimensional (integer) rectifiable current is a T g Mo(X) of the form 

oo 

T{f) = Oif{xi), f Lipschitz and bounded, 
for suitable 9i G R (or 9i S Z) and Xi € X. 

The space of rectifiable currents is denoted by TZk{X), that of integer rectifiable 
currents by Xfe(X). Endowed with the mass norm ]V[fc(X) is a Banach space, Tlk{X) 
a closed subspace, and Ik{X) a closed additive subgroup. This follows directly from 
the definitions. Integer rectifiable normal currents are called integral currents. The 
respective space is denoted by Ifc(X). As the mass of a fc-dimensional normal 
current vanishes on 7i '^-negligible sets ( [AKI Theorem 3.7]) it is easily verified that 
the push-forward of an integral current under a Lipschitz map is again an integral 
current. In the following, an element T E lk{X) with zero boundary cfT — will 
be called a cycle. An element S E lk+i{X) satisfying dS = T is said to be a filling 
of T. 

The characteristic set St of a rectifiable current T E Tlk{X) is defined by 
(2) St:={xEX :&,k{\\T\\,x)>0}. 

It can be shown that St is countably 7i '''-rectifiable and that ||T|| is concentrated 
on 5*7-. In the next theorem the function A : St — > (0,c») denotes the area 
factor on the (weak) tangent spaces to St as defined in |AK| . We do not provide a 
definition here since for our purposes it is enough to know that A is Ti'^-integrable 
and bounded from below by fc^'^/^ (see |AKI Lemma 9.2]). 

Theorem 2.4 (HKI Theorem 9.5]). IfT E 7^fc(X) then there exists aU^ -mtegrahle 
function : St — > (0, oo) such that 

||r||(A) = ( Xedn'' for Ac X Borel, 

JahSt 

that is, \\T\\ — \6dT-l^\_ST ■ Moreover, ifT is an integral current then 9 takes values 
in N := {1, 2, . . . } only. 

Theorem 12.41 vields a lower density bound around almost every point in the char- 
acteristic set of an arbitrary non-trivial integral current. We will use this in the 
proofs of Theorem 15 . 61 and Proposition 15. 91 

The main technique we will use in the proof of Theorems 11.21 and 11.41 is that of 
slicing. We will, in particular, make frequent use of the following important result 
known as the Slicing Theorem and proved in AK, Theorems 5.6 and 5.7]. 

Theorem 2.5. Let beT E lSSk{X) and g a Lipschitz function on X. Then there ex- 
ists for almost every r G IR a normal current (T, g, r) E 'Hk-i{X) with the following 
properties: 

ii) {T,B,r)^d{T^{B<r})~{dr)^{g<r} 

(ii) II (T,£i,r) II and \\d{T, Q,r)\\ are concentrated on g^^{{r}) 

(iii) M((T,f,,r)) <Lip(e)fM(TL{e<r}). 

Moreover, if T E Ia;(^) then (T, g, r) E Ife_i(A') for almost all r G R. 
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3. Spaces admitting local cone type inequalities 

In this section we estabhsh local and global cone type inequalities for various classes 
of spaces. In the first paragraph we define the product of a current with an interval. 
In the subsequent paragraph wc show that spaces in which balls are nuU-homotopic 
in a Lipschitz way (the Lipschitz constant depending on the diameter) admit a cone 
type inequality. From this wc immediately obtain cone type inequalities for Banach 
and CAT(K)-spaces for all k € R. 

3.1. Products of currents. The following construction is a slightly modified ver- 
sion of the one given in the first part of Section 10 of |AKj . 

Let {X, d) be a complete metric space and endow [0, 1] x A" with the Euclidean 
product metric. Given a Lipschitz function / on [0, 1] x A and t e [0, 1] we define 
the function ft : X — > R hy ft{x) := f{t,x). To every T e Nfe(A), fc > 1, and 
every t G [0, 1] we associate the normal fc-current on [0, 1] x A given by the formula 

(M X r)(/,7ri, . . . ,7rfe) T{ft,Trit, . . .,7Tkt)- 

The product of a normal current with the interval [0, 1] is defined as follows. 

Definition 3.1. For a normal current T G Nfc(A) the functional [0,1] x T on 
V''+^{[0, 1] X A) is given by 

([0,l]xr)(/,7ri,...,^,.+i) := 

J T (^ft—^,Trit, ■ ■ ■ , TTi-i t,7ri+i t, . . . ,7rfc+it^ dt 
for (/,^i,...,^fc+i)eI?'=+i([0,l]xA). 

We have the following result whose proof is analogous to that of [AKI Proposition 
10.2 and Theorem 10.4]. 

Theorem 3.2. For every T S Nfc(X), > 1, with hounded support the functional 
[0, 1] X T is a (fc + \)- dimensional normal current on [0, 1] x A with boundary 

a([0, 1] X T) = [1] X T - [0] X T - [0, 1] X dT. 

Moreover, if T e Ifc(A) then [0, 1] x T G lfc+i([0, 1] x A). 

3.2. Cone type inequalities and 7-Lipschitz contractibility. Let (A, d) be a 

metric space. We say that a bounded subset S C A is (/?, 7)-Lipschitz contractible 
in X if there exists a map ip : [0, 1] x B ^ X satisfying (f{l, •) — id^ and (p(0, •) = xq 
for some G A and moreover 

d{ip{t, x), (p{t\ x')) < P\t - t'\ + 7d(x, x') for all x,x' e B and t, t' £ [0, 1]. 

A bounded subset B <Z X which is (7 diam i?, 7)-Lipschitz contractible will be called 
7-Lipschitz contractible and the corresponding map Lp a 7-contraction of B. 

Remark 3.3. The property that every bounded subset is ^-contractible is invariant 
under bi-Lipschitz homeomorphisms in the following sense: If (p : X Y is a bi- 
Lipschitz homeomorphism then bounded subsets in X are ^-Lipschitz contractible 
for some 7 if and only if bounded subsets in Y are j' -Lipschitz contractible for some 

i- 
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We show that spaces aU of whose subsets of smaU diameter are 7-Lipschitz con- 
tractible for a fixed 7 admit local cone type inequalities for Ik{X) for every fc > 1. 
The 'cone filling' of T g Ifc(X) is constructed as follows: Let (p : [0, 1] x sptT X 
be a 7-contraction of spt T. Since spt([0, 1] x T) = [0, 1] x spt T and since (p is Lip- 
schitz also with respect to the Euclidean product metric on [0, 1] x sptT it follows 
that S := </3#([0,l] x T) is well-defined and, by Theorem lO S G Ifc+i(X) with 

as = T if ar = 0. 

Proposition 3.4. // (X, d) is a complete metric space all of whose subsets of 
diameter no larger than S are j-Lipschitz contractible then for every cycle T G 
Ik{X), k > 1, satisfying diam(sptT) < S there exists an 5 G lk+i{X) satisfying 
dS — T and 

M(5) < (fc + l)7'=+Miam(sptr)M(T), 
i.e. X admits a S-cone type inequality for lk{X) with k > 1. 

We remark that a space X satisfying the assumptions of the proposition is auto- 
matically (5-quasiconvex. 

Proof. Let T, (p, and S be as above. Then for fixed x € spt T the map 1 1-^ (p{t, x) 
is 7 diam(spt r)-Lipschitz, whereas for fixed t G [0, 1] the map x t-^ ip{t, x) is 7- 
Lipschitz. For (/, tti, . . . , nk+i) G we therefore obtain 

\S{f, TTl, . 



fc+1 
i=l 



T [ f O (fit '7^1 °Vt,-- • ,7ri-l O (fitjTTi+l Oift,... ,7rfc+l 0(pt \ dt 



dt 



fc+1 „1 



f °ft 



d(TTi O Lpt) 



X 

k+l 



dt 



\T\\dt 



< 



fe+1 „1 „ 

(fc + l)7'''+Miam(sptr)r[Lip(7rj) / / \f o ip{t, x)\d\\T\\{x)dt. 

Jo Jx 



From this it follows that US'!! < (fc + 1)-/''+^ diam{sptT)ip#{C^ x ||r||) and this 
concludes the proof. □ 

An important class of examples satisfying the assumptions of the proposition above 
is given by Banach spaces and CAT(K)-spaces. These are complete geodesic metric 
spaces for which all geodesic triangles of perimeter strictly smaller than 2Tr/y/K 
are at least as slim as corresponding triangles in the model space of curvature k. 
This condition is some kind of global curvature condition. For example, complete 
Riemannian manifolds of sectional curvature bounded by k are locally CAT(k). 
See e.g. |Ba| . |BrH| . |BBI| for an account on such spaces. If X is a Banach space 
and B G X a bounded subset then we can simply define ip(t, x) := te -I- (1 — t)xQ 
for X £ B where Xq G B is an arbitrary given point. This clearly defines a 1- 
contraction of B by the triangle inequality. Analogously, if X is a CAT-space then 
for sets B d X with small diameter (depending on the curvature bound on X) one 
sets Lp{t, x) :— Cxox{t) where Cx^x is the unique reparameterized geodesic from xq to 
X. Triangle comparison then yields immediately that this defines a Lipschitz con- 
traction. Further examples of spaces satisfying the assumptions of Proposition 
are given by spaces of non-positive curvature in the sense of Busemann, compact 
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neighborhood Lipschitz retracts in R", Lipschitz retracts of spaces admitting local 
cone type inequalities, etc. 

4. Flat convergence for 0-dimensional integral currents 

Let (X, d) be (5-quasiconvex and T E lo{X) such that diani(sptT) < 6. Then there 
exists an 5 e Ii {X) with 95' = T if and only if r(l) = 0. In this case an S which will 
suit our purposes can be constructed as follows. Write T as T = X^fliH^i*"! ~ 
in such a way that 2M = M(T). Here we have set lxj{f) f{x) for / S Up^{X). 
Then we define 

M 

where 72.-j,+ is as in Definition 11.11 and parameterized in such a way that it has 
Lipschitz constant at most Cd{x^ ,xf). Then, clearly, dS = T and moreover 

M{S) < Cdiam(sptr)A/ = icdiam(spt r)M(T). 

In the proof of Theorems 11.21 and 11.41 we will need the following auxiliary result 
which is a reformulation of AK, Proposition 8.3]. 

Lemma 4.1. Let k > and let (Tm) C Ife(^) be a bounded sequence of cycles 
weakly converging to 0. Let furthermore A G X be an arbitrary subset and denote 
by A(r) the closed r -neighborhood of A whenever r > 0. Then for almost every 
r > there exists a subsequence {T^j ) such that 

(i) Lyl(r) e lk{X) for every j G N 

(ii) Trrij \-A{r) and hence also d{T,nj \-A{r)) lueakly converges to as j oo 

(iii) M.{d(Tmj \-A{r))) < C for every j G N for a constant C — C{r) < oo. 

In case fc = 0, of course d{Tm. \_A{r)) is not defined and the statements in (ii) and 
(iii) concerning d{Tmj \-A{r)) should be omitted. 

We are now in a position to prove the equivalence of flat and weak convergence for 
0-dimensional integral currents. 

Proof of Theorem M.SX It is clearly enough to consider the case T = and to find 
a subsequence for which Fillvol(Tm^. ) — s- as j — s- oo. After passing to a 
subsequence we may assume the existence of M e N, ai,...,aM G ^-nd 
x]^,..., x'^ € X such that 

M 

T„,(/)-^a,/«J 

1=1 

for all / G Lipj(X) and all m G N. Let Q < e < 5/Q he arbitrary. We claim 
that after passing to a subsequence there exists for every m G N a decomposition 
Tm = T^ + Rm for some T^,Rm& lo(^) such that 

(i) M(T^J > 1 

(ii) M(T„,) = M(r4) + M(i?„„) 
(ui) Fillvol(r^) < 6C£M(T4) 

and 

(iv) Rm as m oo. 
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The lemma clearly follows by successive application of this claim and by letting 
e — > 0. In order to prove the claim we distinguish two cases. First, suppose that 
after passage to a subsequence there exist indices im € {!,..., M} such that xj;^' G 
B{x\'^,2e) for all m € N. By Lemma f4.ll there exists r £ {2e,3e] such that after 
further passage to a subsequence (also for the im) we obtain T/„ := T,n\_B{x\^ , r) 
and thus also := Tm\-{X\B{x\^ , r)) ^ as m ^ oo, and hence (iv). It is clear 
that r^, Rm G Io(-'^) and = T^^ + Rm and that furthermore assertion (ii) holds. 
Since — > we have in particular that T'^(l) — > and therefore T'^(l) = for 
m large enough. Since diam(sptr^) < 2r < 6e < (5 we can use the construction at 
the beginning of this section to obtain Fillvol(T^) < 3CeM(r^) which proves (iii). 
Property (i) is clear since d{Xm,xY) < 2e and hence M(T/„) > ja^^J > 1. We now 
consider the second case for which we assume that no such subsequence and indices 
as in the first case exist. Then for every m S Ilsl and every i G {!,..., M} there exist 
only finitely many m' and i' with x^, G B{xm, 2e). After passing to a subsequence 
we may therefore assume the sets Em{£) U^ji3(x^,e) to be pairwise disjoint. 
Define A := {x^ : m g N}. By construction we have L^(e') — Tm \-B{Xm,e') 
whenever < e' < e. By Lemma [4.11 there exists < e' < e arbitrarily close to e 
such that after passage to a subsequence we have := Tm L B{x}j^, e') and 
hence also Rm '■= Tm — T"^ — > as m ^ oo. Assertions (i) to (iv) then follow as in 
the first case. This proves the claim above and therefore the lemma. □ 

5. Flat convergence for fc-DIMENSIONAL INTEGRAL CURRENTS FOR k > 1 

5.1. Splitting off cycles of controlled diameter. We start with a simple but 
useful observation. 

Lemma 5.1. Fix C > 0, k > 2, < < ri < oo, and suppose (3 : [ro,ri] — > 
(0, oo) is non- decreasing and satisfies 

(i) P{ro) =_cA^ 

(ii) /3(r) < C[/3'(r)]''/^''"^^ for almost every r £ (ro,ri). 
Then it follows that 

Proof. By rearranging (ii) we obtain 

P'(.t) ^ 1 
p{t)^ ~ 

and integration from tq to r yields the claimed estimate. □ 

Definition 5.2. Let {X,d) be a complete metric space and fc S N. Then X is said 
to admit an isoperimetric inequality of Euclidean type with constant C for cycles in 
Ik{X) with mass no larger than C if for every cycle T £ lk{X) with M.[T) < C 
there exists an S £ 1^+1 (X) with dS ~ T and such that 

M(S') < C[M(T)]^. 

The next result roughly states that cycles of small mass in spaces admitting an 
isoperimetric inequality of Euclidean type for cycles of small mass have fillings 
which stay near their boundary. 
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Lemma 5.3. Let {X,d) be a complete metric space and k>2. Suppose X admits 
an isoperimetric inequality of Euclidean type with constant C for cycles in 
of mass at most C . Then for every T S lk-i{X) with ST — and M(r) < C" 
there exists an S € lk{X) satisfying dS = T as well as 

M{S) < C[M(r)]^ 

and 

sptS c B (spt T,3CkM{T)-^y 

The proof is a variation of the argument in |AKI Theorem 10.6]. 

Proof. Let A4 denote the space consisting of ah S G Ifc(^) with dS — T and endow 
Ai with the metric dM{S, S') := M(S' — S"). Then is a complete metric space. 
Choose an ^ e satisfying M(^) < C[M(T)]'=/('=-i) . By the Ekeland variation 
principle | Ek| there exists an S € M with M(S') < M(S^) and such that the function 

S"k^M(5') + ^M(5-S") 

is minimal at 5' ~ S. Let be x e sptS'\sptr and set Qxiy) d{x,y) and 
P{r) := \\S\\{B{x,r)). Then, Theorem 12.51 implies that for almost every < r < 
dist(x,sptT) the slice {S,Qx,r) exists, has zero boundary, belongs to lk-i{X) and 
furthermore satisfies M((5, ^Jj^, r)) < (3'{r). We claim that 

P{r) > (3^[fc-ifcfc fo-- all < r < dist(x, spt T). 

Indeed, if M.{{S, gx,r)) < C then we choose an Sr G 'ik{X) with dSr ~ {S, gx,r) 
and M(S'r) < C[M((5', g^;, r))]'^/('^~^' which exists by assumption. The integral 
current Sl. {X\B{x, r)) + Sr has boundary T and thus, comparison with S yields 

M{S\_{X\B{x,r)) + Sr) + ^M{S\_B{x,r) - Sr) > M{S). 
This together with the isoperimetric inequality yields 

/3(r) = MiSLBix,r)) < 3M(5,) < 3C[M((5, fe, r))]^ < 3C[/3'(r)]^. 
If, on the other hand, M((S', p^;, r)) > C then 
I3{r) < M{S) < C[M{T)]T^ < 0(0')^ < C[M((5, e„r))]^ < C[/3'(r)]^, 

and thus /3(r) < 3C[/3'(r)]'=/('=-i) for almost every < r < dist(a;, spt T). The 
claim now follows from Lemma l5. II The second estimate in the lemma is a direct 
consequence of this claim. □ 

The proof of Lemma 15.31 can also be used to show that if fc > 2, if {X,d) is as 
in Lemma Ol and if T G lk-i{X) is a cycle with Fillvol(r) < C(C")''/(''"^^ (no 
restriction on the mass of T) , then 

Fillrad(r) < (3C)^A:Fillvol(r)^. 
Here, Fillrad(T) is defined by 

Fillrad(T) inf{r > : 35" G Ik{X), dS' ^ T, spt 5" C B(spt T,r)}. 

Lemma 5.4. Let {Y, d) be a metric space, ii a finite Borel measure on Y , and 
-F > 0, fc G N. Suppose ro : K — > [0, oo) is a function such that for ^-almost every 
y G Y we have ro{y) > and 



12 



STEFAN WENGER 



(i) fi{B{y,ro{y))) ^ F[ro{y)]'' 

(ii) fi{B{y,5ro{y)))<5''F[ro{y)]K 

Then there exist finitely many points yi, . . . , yiq £ Y satisfying 

(i) ro(y,) > 

(ii) B (y„ 2ro(y.)) n B {y,,2r^{y,)) ^ H) if i ^ j 

(iii) Elit^my,,roiy^)))>^ii{Y). 

This statement is analogous to that of Lemma 3.2 in jWe, . the proof of which is 
almost that of the simple Vitali lemma. 

Lemma 5.5. Let {X,d) be a complete metric space and /c G N. If k > 2 then 
suppose furthermore that X admits an isoperimetric inequality of Euclidean type 
with a constant C > for cycles in lk-i{X) of mass no larger than C . Let 
A G (0,1/6) and T e Ifc(X) with ST = and suppose ro,ri : X — > [0,cx)) are 
functions such that for \\T\\-almost every y Cz X we have 

(a) < ro(y) < ri(y) < jro{y) 

(b) ||r||(i?(y,ro(2/)))=F[ro(y)]'= 

(c) \\T\\{B{y,r,{y))) < F[r,{y)]'' 

(d) ||r||(i?(2/,5ro(y))) < min{G,5>^F[r„{y)]^^}, 

where F:= 1 and G -.^ oo if k = 1 and F -.^ \^-^C^~^k"^ and G := C{C')-^ X'^ 
if k >2. Then there exist finitely many points yi, . . . ,yiq £ X and a decomposition 

T = Ti + --- + Tn + R 
such that Ti,R E IkiX) are cycles with the following properties: 

(i) sptTj C B{yi,2ro{yi)) and 

diam(sptr,) < -_1_^[M(T0]* 

(ii) E.=iM(rO<(l + A)M(T) 

(iii) M(i?)< (1-5^(1 _ A)) M(T) 

(iv) \\R\\{B{y,£)) < \\T\\{B{y,e)) + XM{T) for all y £ X and all e > 0. 

Proof. Clearly, fi ||T|| and tq satisfy the conditions of Lemma 15.41 and there- 
fore there exist points yi,...,y]\[ G X such that ro{yi) > and such that the 
B{yi,2ro{yi)) are pairwise disjoint and 

^ 1 

(3) ^||r||(S(y„ro(y.)))>^M(r). 

1=1 

Fix i G {1, . . . , N} and abbreviate (for the moment) ro :— fo(yi) as well as ri :— 
ri{yi). Define f3{r) :— \\T\\{B{yi,r)) and observe that /3 is non-decreasing and 
satisfies Piro) — Fr^ and /?(ri) < Frf . Denoting by g the function q{x) := d{yi,x), 
Theorem 12.51 implies that the slice (T, g, r) — d{T\_B{yi, r)) exists for almost all r, 
is a cycle in lk-i{X), and satisfies moreover 

(4) M((T, g,r)) < /3'(r) for almost every r > 0. 
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We now consider one dimensional and higher dimensional cycles separately: If fc = 1 
then F = 1 and thus, by (b) and (c), there exists a measurable set fl C [?'o,?'i] of 
positive measure such that (3'(r) < 1 for all r G ^l. By Theorem 12.51 we may 
assume that for every r e the slice (T, g, r) exists and is a 0-dimensional integral 
current. Therefore, M((r, g,r)) is an integer number and hence it follows from Q 
that M((T, £», r)) 0. Therefore Ti -.^ T \_ B{y„r) satisfies ST, ^ and by (a) 

diam(sptr,) < 4ro {y^) = ^T\\{B{y,,ro{y^))) < 4M(T,). 

This proves assertion (i) in the case fc = 1. 

If fc > 2 then Lemma f5.ll and conditions (b) and (c) imply the existence of C 
[ro, ri] of positive measure such that 

(5) C[/3'{r)]T^ < Xf3{r) for aU r e 1]. 

By Theorem 12.51 we may assume without loss of generality that the slice (T, g, r) 
exists for every r G il, is a cycle in lk-i{X) and satisfies M((T, gi, r)) < f3'{r). 
Using (d) we therefore obtain 

M((r,£<,r))</3'(r)< (^A^ ' [/3(r)]^<C' 

for every r £ Q, and hence, by assumption and by Lemma 15.31 there exists an 
S e Ife(X) with dS — (T, g, r) which satisfies 

M(5)<C[M((T, 

and moreover 

(6) spt5 C S {s^i{T, g,r) ,iCkM.{{T, g,r))-i^^ . 

In particular, from and lO, we conclude 

(7) M(S') < A/9(r). 

It follows that Ti :— T\_B{yi, r) ~ S E Ifc(X) has zero boundary and satisfies 

(8) (l-A)||T||(B(y„r)) <M(rO< (l + A)||T||(i?(y.,r)). 
Moreover, (g)), ©, and © yield 

sptS cB(y,,r + 3C'^Xik[\\T\\{B{y,,r))]i) 

and hence, using the definition of F, condition (c) and the fact that A < ^ and 
r < ^rQ{yi), we obtain that Ti has support in a ball centered at ?/,; with radius f 
satisfying 

f < r + 3C'^xik[\\T\\{B{y^,r))]i < 2ro{y^). 
From this we conclude 

(9) diam(sptT,) < Aroiy^) = -^mro{y^))]i < -—^—TM{T,)i 
which proves assertion (i) in the case k > 2. 

Since our construction of leaves T\_{X\B{yi, 2ro(yi))) unaffected (by the fact that 
the balls B{yi,2ro{yi)) are pairwise disjoint) we can apply the above construction 
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for every j G {1, . . . , N} to obtain cycles Ti, . . . , Tn- Setting R := T — J2i=i ^» 
obtain a decomposition satisfying the claimed properties. Indeed, by (|H]). 

^ M(ro < (1 + A) ^ rO < (1 + A)M(r) 

i=l i=l 

where is the particular r chosen in the above decomposition procedure for the 
index i. This proves assertion (ii). Using (jS)) we compute 

(10) M(i?) < IITII (x\|jB(y„r,)) +A^||r||(B(y„r,)) < (1 - a(l - A))M(T) 
and furthermore 

N 

\\R\my,e)) < \\T\\ (^B{y,e)\\jB{y,,r,)) +J2\\SMB{y, e)) 

1=1 

< ||r||(i?(y,e)) + AM(T). 

This proves assertions (iii) and (iv) and hence the lemma. □ 

5.2. Isoperimetric inequality for cycles of small mass. In jWej we have shown 
that every complete metric space X which admits global cone type inequalities for 
lj{X), j = l,...,k admits an isoperimetric inequality of Euclidean type for all 
T e Ik{X) with (JT = 0. (We point out that in this case no restrictions are 
made on T with respect to mass.) In this section we prove a similar result for 
spaces admitting J-cone type inequalities. These in general do not admit isoperi- 
metric inequalities of Euclidean type for all cycles as is shown in Example 15. 71 The 
isoperimetric inequality of Euclidean type for cycles of small mass will enable us to 
apply Lemma 15.51 in the proof of Theorem II. 41 

Theorem 5.6. Let {X,d) be a complete metric space admitting S-cone type in- 
equalities for Ij{X), j — 1, . . . , fc, for some fc G N and some S > 0. Then there 
exist constants C > and D such that the following holds: If T ^ \k{X) satisfies 
ST = and M(r) < C then there exists an S £ lk+i{X) such that dS = T and 

m{S) < D[M(T)]^. 

The constant D depends only on k and on the constants of the S-cone inequalities, 
but not on 5, whereas C also depends on 5. 

The proof will show in particular that C — oo in the case 5 = oo which returns 
Theorem 1.2 in |We| . 

Example 5.7. Let X be the space obtained by gluing a [k + \)- dimensional half- 
sphere to X [0, oo) along x {0} and the equator of the half-sphere and endow 
it with the path metric coming from the path metrics on the sphere and on the 
cylinder. Then X is CAT(l) but the cycle T := {S^ x {r}\ € lk{X) has 

Fillvol(r) = rVol(S''') + i ¥01(5^=+^). 

Proof of Theorem \5.b\ We prove the theorem by induction on k. Let A: > 1 and 
suppose in the case k > 2 that X admits an isoperimetric inequality of Euclidean 
type with constant C for cycles in Ik-i{X) of mass no larger than C" . If fc = 1 
then set X := 0, F := 1, and C" := 6/4. If, on the other hand, fc > 2 then define 
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as well as 

\fc-l 
F-^— 

and 

C" := mm \^FS'' 4-'', CX-\C")T^Y 
Let now T G Ife(X) satisfy ST = and M(r) < C . Set 

ra{y) := max{r > : \\T\\{B{y,r)) > Fr''} 
and ri :— ^vq- By [Kil Theorem 9] we have 

for 7i '^-almost all y G St, the set 5*^ being defined as in Together with 

Theorem 12.41 and the fact that F < this implies that the set of points y E X 

with ro{y) > has full ||T|j-measure. It is then straight forward to check that tq and 
ri satisfy all the conditions of Lemma [5.51 We point out that with this particular 
choice of tq and ri conditions (a), (b), and (c) of Lemma l5.5l are satisfied whenever 
T e Ik{X) is a cycle. If, moreover, M(r) < C" then also (d) is fulfilled. With the 
choice of C' made above the elements Ti in the decomposition of Lemma [531 clearly 
satisfy 

diam(sptT,) <4ro(2;.) =4F-*[||T||(B(y„ro(2/.)))]* < 4i^"^ [M(r)]* < ,5. 

We successively apply Lemma 15.51 to obtain (possibly finite) sequences of cycles 
(Tj), C Ife(X), of points (j/i) C X, and an increasing sequence (N^) C N with 
the following properties: 

• T = + Rn 

• diam(sptT,) < (5 and diam(spt T,) < EM{T,)'^/'' where E 4[F(1-A)]"i 

• M(i?„) < (1 - z/)"M(r) where (l - ^{1 - A)) 

• E^i Mm) < [(1 + A) ESo(i - '^y] M(r) = i±AM(r). 

An S G Ik+i{X) with dS = T and which satisfies the isoperimetric inequality is 
then constructed as follows. Since diam(sptri) < S we can choose for each Ti an 
Si £ Ik+i{X) with dSi = Ti and such that 

(11) M(5.) < Cfediam(sptrOM(T,) < CkEM{T)^ , 

where Ck denotes the constant of the 5-cone inequality for Ik{X). The finiteness of 
M(Tj) implies that the sequence 5" := J2i=i is a Cauchy sequence with 
respect to the mass norm because 



M(S'"+« - S"') < CkE y M{Ti)— < CkE 



i=N„ + l 



.i=JV„ + l 



M(T,) 



Since Tk+i{X) is closed in the Banach space Mfe(X) the sequence S" £ Ik+i{X) C 
lk+i{X) converges to a limit current 5 G lk+i{X). As T — 95" = i?„ converges to 
it follows that dS = T and, in particular, that S E Ik+i{X). Finally, S satisfies 
the isoperimetric inequality since 



M{S)<J2^iS^)<CkEJ2M{T,)'^ <CkE(^-^) " M(T) — 



= 1 i=l 
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This completes the proof. □ 

5.3. Proof of Theorem 11.41 The main step in the proof of Theorem II .41 will be 
to establish the following claim which clearly implies the second statement of the 
theorem. 

Claim: Let 1 < k' < k and let {T„i) C Ifc'(X) he a hounded sequence satisfying 
dTm = for every to G N. // (T„j) weakly converges to then Fillvol(rm) — > as 

TO OO. 

The above claim will be proved at the beginning of the proof of Theorem 11.41 on 
page 1181 We now need some preliminary results. For this we define 

grie) -.^ snp{\\T\\{Biy,e)) : y e X} 

whenever T G Ik{X) and e > 0. 

Proposition 5.8. Let {X,d) be a complete metric space and 6 > 0. Let G N and 

suppose X admits 6-cone type inequalities for lj(X), j ~ I, . . . , k. Then for every 
hounded sequence (Tm) C Ifc(^) of cycles and for every e > the property 

Qt^ (s) ~* as m ^ oo 

implies that 

Fillvol(T„i) — > as TO —> oo. 

Proof. Let A™ > be a sequence converging to and such that qt^ (e)A^''' — ^ 0. By 
Theorem 15. 61 X admits an isoperimetric inequality of Euclidean type with constant 
say C for cycles in lk{X) of mass no larger than C . Define Fm := 1 if fc = 1 and 

\ fc-i 

J^rr 



Ck-lkk 

in case k > 2. Denoting 

ro,T„Ay) :=niax{re [0,e] : \\T^\\{B{y,r))>F,nr''} 

one shows exactly as in the proof of Theorem 15. 61 that for to large enough ro,T„, > 
almost everywhere. Furthermore, by assumption, ro,T„ (y) ^ uniformly in y as 
TO ^ oo. Set ri^Tm ■= |''o,Tm and note that for to large enough r,„, rp^r^ and ri,T„, 
satisfy all the conditions of Lemma Therefore, there exist decompositions 

into the sum of cycles with the following properties: 

(i) maxi^i_ diani(spt T^^) as to — > oo 

(ii) E.="i M(r,{) < (1 + A„)M(T„0 

(iii) M(i?„0 < (1 - ^{1 - A™))M(T,„) 

(iv) \\R^\\{Biy,s)) < \\T\\iBiy,e)) + XraM{Tra). 

From (iv) we conclude, in particular, that gR^(e) < f?T„(e) + AmM(T,„) — > as 
TO ^ oo. The proposition now follows by successive application of Lemma |5.5l to 
Rm, together with Theorem 15.61 □ 

The next result is the higher dimensional analogue of the claim in the proof of 
Theorem O 
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Proposition 5.9. Let {X, d) and S > be as in Theorem \1.4\ Let k > 1 and 

suppose, in case k > 2, that the statement of the claim at the beginning of this 
section holds for k' := k — 1. Let furthermore (Tm) C Ifc(^) be a bounded sequence 
of cycles weakly converging to 0. Then for every e > small enough there exists a 
subsequence (Tmj ) and decompositions of T^j into the sum of integral cycles 

Tm, ^U^ + --- + Uf' + V, 
satisfying the following properties: 

(i) Fmvol(t/]) < Cem{U]) for every i e {1, . . .,!/,} and j G N and for a 
constant C depending only on the constants of the 5 -cone type inequalities 

(ii) \^l:,mu}) + mv,))] - M(r™j -> o as j oo 

(iii) M{Vj) < M(T„J - ipT™^. (e/2) for every j e N 

(iv) Vj weakly converges to as j — > cxd . 

Proof. Let (T„i) and e > be given. In view of Theorem 15 . 61 and Proposition 15.81 
we may assume that hminfm^oo M(Tm) > and hmsup^^g^ gT^{e/2) > 0. We 
choose for every m G N a point y„i S X with 

(12) \\T,J{B{y„„e/2))>^gT^{e/2). 

In the following we distinguish two cases: First assume that after passing to a 
subsequence we have ym G B{yi,2e) for every m > 1. By Lemma |4 . 1 1 there exists 
r e (Se, 4e) such that after passing yet to another subsequence we obtain that 
Tjn\-B{yi,r) e Ik{X) for all m G N, that Tm\- B{yi,r) — > as m ^ cx), and 

supM(5(r™LB(yi,r))) < oo. 

By assumption, or by Theorem 11.21 in case fc = 1, there exist Sm G Ife(^) such 
that dSm = d{Tm\_B{yi,r)) and M(5m) 0. By the remark following Lemma l57^ 
(or the proof of Theorem ll.2l in case fc = 1) we may furthermore assume spt5m C 
B{yi,r + e) for m large enough. Clearly, :— Tm \-B{yi,r) — 5m and Vm ■— 
Tm\-{X\B{yi,r))-\-Sm are integral cycles and = U^-\-Vm- Property (i) is then a 
consequence of the fact that spt Um C B{yi, r + e) and of the S-cone type inequality 
whereas (ii) follows immediately from the fact that M(5to) 0. Statement (iii) for 
m large enough follows from H12(l and from the fact that M(S'm) 0. Finally, (iv) 
holds because Tm L {X\B{yi,r)) and Sm both weakly converge to 0. This proves 
the proposition in the first case. 

We turn to the second case for which we assume no subsequence of with the 
property above exists. Then we may assume the balls B{ym,£) to be pairwise 
disjoint and we set A :— {ym ■ ni E N}. By Lemma [4. II there exists an r e {e/2,e) 
such that after further passage to a subsequence Tm\-A{r) S Ik{X), Tm\-A{r) 0, 
and sup„j M(3(T^,„ L A(r))) < oo. As above there exist Sm G ik{X) with dSm ~ 
d{Tm\-A{r)) and M(S'm) — > 0. Analogously, we may choose the Sm in such a 
way that sptS'm C A{e') for some r < e' < e for every m large enough. It is 
then easy to see that d{Tm \- B{yi,r)) — d{Sm ^ B{yi, e)) for every i. We set 
Um ■= Tm\-B{yi, r) — Sm^B{yi,e) for every i e N and choose Mm large enough such 
that t/^^" := Ei>M„ f^m satisfies M(;7,f/-) < e. Set := C/^ for i < M„, and 
note that 11^ G Ife(X) satisfies dU^ = and, if i < Mm, spt C B{yi,e). Then 
we can use the i5-cone type inequality in case i < Mm, respectively Theorem 15.61 
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in case i ~ Mm, to conclude that the indeed satisfy property (i). Set Vm ■— 
Tm\-{X\A{r)) + Sm- It is now easy to check that also properties (ii), (iii), and (iv) 
hold. Indeed, we have 

Mrr, 

oo 

< J2 \\Trn\\{B{y,,r)) + M{Sm) + \\Tm\\{X\A{r)) + M(5™) 

i=l 

= M(r„) + 2M(5™) 
from which (ii) follows. As for (iii) we use (|12ll to obtain 
M(F„0 < \\Tm\\{X\A{r))+M{Sm) 

= M(T„0 - ||T„,||(A(r)) +M(5„0 

< M(T„) - ^eT„(e/2) + M(5,„). 

Since M.{S„i) and hmsup^^g^ Pt™ (£/2) > statement (iii) follows. Fi- 
nally, property (iv) is a consequence of the fact that Tm L A{r) and therefore also 
Tm L {X\A{r)) weakly converges to and so does 5m- Q 

We now put everything together to prove Theorem 11.41 The main task will be to 
prove the claim made at the beginning of this section. From this the theorem will 
follow quite easily. 

Proof of Theorem \1.4-\ It is clear that convergence with respect to the flat distance 
implies weak convergence. In order to prove the converse we prove the claim stated 
at the beginning of this section. This will clearly establish the second statement 
of the theorem. In order to prove the claim we first note that it is enough to find 
a subsequence T^^ satisfying Fillvol(T„j^ ) 0. Let e > be small enough. The 
proof is on induction on k' . The arguments for the case k' = 1 and for the induction 
step are almost identical. Let therefore 1 < k' < k and suppose, in the case k' > 2, 
that the claim holds for fc' — 1. Successive application of Proposition 15 . 91 together 
with an argument involving diagonal sequences yields a subsequence (Tmj) and 

decompositions T^j = Uj + --- + U^^ + Rj into the sum of integral cycles satisfying 
the following properties: 

(i) E^=i M(U;) + M{Rf) < 2M(T„J for every j E N 

(ii) Fillvol(t/j) < CeM{U^j) for every « e {1, . . . , N-j} and j G N for a constant 
C* < oo 

(iii) QR^ (e/2) -> as j ^ oo. 

Using the 5-cone type inequality, respectively Proposition 15 . 81 for Rj, we easily see 
that 

liminfFillvol(T„ ) < Ce 

for some constant C depending only on supM(rm) and the constants of the (5-cone 
type inequalities. Since e was arbitrary this proves the claim and hence the second 
statement of the theorem. 

It remains to prove the first statement. Let (T„j) C Ife(^) be a bounded sequence 
converging weakly to some T £ Ik{X). Set :— dTm — dT and observe that 
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Tj'j e Ik-i{X), ar/„ = 0, and sup,„g|,g M(r,'J < oo. Since weakly converges to 
the claim with fc' = fc — 1 (or Theorem 1 1.21 in case fc = 1) implies the existence of 
Rm G Ife(^) with = and M(i?„) ^ 0. Hence the := - T ~ i?„ e 
Ik{X) form a bounded sequence of cycles and by the claim there exist Sm G Ife+i (X) 
with dS,n = T;,; and M(S'„) -> 0. Since - T = R,n + dSm it follows that 

:F{T,n -T)< M(i?„0 + M(5,„) ^ 0. 

This concludes the proof of the theorem. □ 

6. Applications 

From Theorems 11.21 and 11.41 we infer the useful result below on absolutely area 
minimizing currents. 

Theorem 6.1. Let k>l and let {X,d) be a metric space satisfying the conditions 
of Theorem \1.4\ If (Sm) C lk{X) is a bounded sequence converging weakly to 
S e Ik{X) with 

M(S'„) -Fillvol(6iS'„) ^ 
then S is absolutely area minimizing. In particular we have 

M(S') =liminfM(S'„). 

n — >oo 

Proof. By Theorem 11.21 and 1 1 . 41 for every m there exists Rm E Ik{X) with dRm = 
dS — dSm and such that M(i?m) ^ as m oo. For a current V E lk{X) with 
dV = dS we see that d{V — Rm) ~ dSm and hence 

MiV) > MiV ~ Rm) - M(i?„0 > Fillvol(a5„) - M(i?™) 

from which we conclude 

M{V) > liminf M(S'„) > M(5). 

771 ^OO 

□ 

A consequence of Theorems 11.21 and 11.41 and the compactness theorem for integral 
currents jAKI Theorems 5.2 and 8.5] is the following result. 

Theorem 6.2. Let k > be an integer and (AT, d) a quasiconvex compact metric 
space which, in case k > I, admits local cone type inequalities for lj{X), j = 
1, . . . j/c. Then {T E Ife(A) : N(r) < L} is compact with respect to djr for every 
L < oo. 

Finally, using the equivalence of flat and weak convergence, we prove the existence 
of minimal elements in fixed Lipschitz homology classes in compact quasiconvex 
metric spaces admitting local cone type inequalities, as stated in Theorem 1 1.51 As 
for the definitions we set for a complete metric space {X, d) and A C X closed 

Zk{X,A) := {T E Ik{X) : spt(6r) C A,sptT compact} 
Bk{X,A) — {R + dS : Re Ik{A),S e Ife+i (A), sptS',spti? compact}. 
It is then easy to check (see (Fgj 4.4.1 (l)-(5), (7)] and |ESI p. 10] for the excision 
property) that 

Uk{X,A) ■.= Zk{X,A)/BkiX,A) 

satisfies the Eilenberg-Steenrod axioms for a homology. See [Fell 4.4.5] for the 
corresponding definitions in case A C R" is a compact local Lipschitz neighborhood 
retract. 
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Proof of Theorem \1.5[ Let Tm G Zk{X, A) be a minimizing sequence subject to the 
condition [Tm] — c for all m e N . By the compactness theorem for integral currents 
there exists a subsequence converging weakly to some T G Ik{X). It is clear that 
spt(9r) C A and hence T G Zk{X, A). In order to check that [T] = c we view dTm 
and dr as elements of Ik-i(A) and apply Theorem ll.4l to conclude the existence of 
Rm G Ik{A) such that dT — dTm = dRm for all m e N and M(i?m) ^ as m ^ oo. 
Using Theorem II .41 one more time we obtain a sequence Sm € lk+i{X) satisfying 
dSrn ~ T — r,„ — R„i for all TO G N and M(S'm) ^ as to ^ oo. Thus we have 
T-Tm ^ Rm + dSm with spt Rm C A which proves that indeed T - Tm G Bk (X, A) 
and hence [T] = [Tm] = c. □ 
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